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Modularity is Everywhere



Modules in GP

• Automatically-defined functions (Koza)

• Automatically-defined macros (Spector)

• Architecture-altering operations (Koza)

• Module acquisition/encapsulation systems 
(Kinnear, Roberts, many others)

• In Push: code-manipulation instructions that 
build/execute modules as programs run

We will return to this later!



ADFs
• All programs in the population have the 

same, pre-specified architecture

• Genetic operators respect that architecture

• (progn (defn adf0 (arg0 arg1) ...)
       (defn adf1 (arg0 arg1 arg2) ...)
   (.... (adf1 ...) (adf0 ...) ...))

•Complicated, brittle, limited... 

•Architecture-altering operations: more so



Tags
• Roots in John Holland’s work on principles 

of complex adaptive systems

• Applied in models of the evolution of 
altruism, with agents having tags and tag-
difference thresholds for donation

• A tag is an initially meaningless identifier that 
can come to have meaning through the 
matches in which it participates

• Matches may be inexact



Tag-based Modules in GP

• Add mechanisms for tagging code

• Add mechanisms for retrieving/branching to 
code with closest matching tag

• As long as any code has been tagged, all 
branches go somewhere

• Number of tagged modules can grow 
incrementally over evolutionary time



Push

• Stack-based postfix language with one stack per type

• Types include: integer, float, Boolean, name, code, 
exec, vector, matrix, quantum gate, [add more as 
needed]

• Missing argument? NOOP

• Trivial syntax:
program → instruction | literal | ( program* )



Why Push?

• Multiple data types

• User-defined procedures & functions

• User-defined macros & control structures

• User-defined representations

• Dynamic definition & redefinition

• All of the above provided without any 
mechanisms beyond the stack-based 
execution architecture



And I won’t even mention

• Automatic simplification

• Autoconstructive evolution

• Iterators and combinators

• Code self reference

• Ontogenetic programming

• etc. See http://hampshire.edu/lspector/push.html

http://hampshire.edu/lspector/push.html
http://hampshire.edu/lspector/push.html


Push(3) Semantics

• To execute program P :

1. Push P onto the EXEC stack.

2. While the EXEC stack is not empty, pop and pro-
cess the top element of the EXEC stack, E:

(a) If E is an instruction: execute E (accessing
whatever stacks are required).

(b) If E is a literal: push E onto the appropriate
stack.

(c) If E is a list: push each element of E onto
the EXEC stack, in reverse order.

All of the Push2 control structures (e.g. CODE.DO*TIMES) are
expressed in Push3 as sequences of instructions that pushed
onto the EXEC stack and subsequently executed by the loop
in step 2 above. The CODE.DO*COUNT instruction, for exam-
ple, was implemented in Push2 as a loop in the Push inter-
preter’s native language that would repeatedly push counter
values on to the INTEGER stack and then execute code from
the CODE stack. In Push3, the CODE.DO*COUNT instruction
simply pushes code (including a recursive call) and integers
onto the EXEC stack, and the continued execution of elements
from the EXEC stack produces the same results. Other fea-
tures of Push can also be more elegantly implemented in
Push3 than in Push2; for example the CODE.QUOTE instruc-
tion, which formerly required an exception to the standard
evaluation rule and a global flag, can now be implemented
simply by copying the top of the EXEC stack to the CODE
stack (making it the inverse of CODE.DO*).

At first glance the use of the EXEC stack does not appear
to be a dramatic departure from the program execution al-
gorithm used in Push2. The power of this approach be-
comes evident, however, when one considers what it means
to manipulate the EXEC stack during a computation. Just
as control structures can be implemented by manipulating
and later executing items on to the CODE stack, novel con-
trol structures can also be implemented through EXEC stack
manipulation and these implementations are often more par-
simonious (and therefore potentially more evolvable).

Since a list of code to be executed is placed on the EXEC stack
in reverse order, EXEC instructions have the property of oper-
ating on elements in the code which come after them, unlike
operators applied to other types which use the postfix nota-
tion standard in stack-based languages. The following two
programs fragments, for example, both produce the same
results:

( 5 CODE.QUOTE ( INTEGER.+ ) CODE.DO*COUNT )
( 5 EXEC.DO*COUNT ( INTEGER.+ ) )

3.2 Combinators
The stack manipulation instructions that are provided for all
types in Push can be used to manipulate the EXEC stack, but
the EXEC stack can also be manipulated with Push versions
of the standard combinators K, S and Y [19, 5]. These
combinatory logic operators allow complex computational
processes to be built up from simple expressions on the EXEC
stack.

The combinator EXEC.K simply removes the second element
from the EXEC stack. For example, if the EXEC stack contains
(A, B, C) then executing EXEC.K yields (A, C). The combi-
nator EXEC.S pops three items, A, B and C from the EXEC
stack and then pushes back three separate items: (B, C),
C and A (leaving the A on top). Note that this produces
two calls to C. The fixed point Y -combinator instruction
EXEC.Y can also be used to implement recursion using anony-
mous expressions on the EXEC stack; it inspects (but does not
pop) the top of the EXEC stack, A, and then inserts the list
(EXEC.Y A) as the second item on the EXEC stack. By itself,
this generates an endlessly recursive call to the unnamed
non-recursive “function” A. Recursion can be terminated
through further manipulation of the EXEC stack that may
occur, possibly conditionally, within A.

3.3 Re-entrance
An additional benefit of the EXEC stack is that the state of a
Push interpreter can now be fully specified by its configura-
tion, its NAME bindings, and the contents of its stacks. No in-
ternal state variables such as loop counters, execution point-
ers or continuations are necessary. Among other things, this
makes Push interpreters fully re-entrant and allows stricter
control over program execution. Loops, previously imple-
mented in the native language’s for-loop (or analogous con-
trol structure), are now implemented by pushing a series of
elements onto the EXEC stack. Execution of the loop pro-
ceeds through the sequential execution of the elements on
the EXEC stack.

Re-entrant interpreters are of particular interest when using
Push programs as controllers in time sensitive applications.
In these situations, Push programs cannot be allowed to run
until they are complete or until a loop terminates—there
may be strict limits on the number of Push instructions that
can be executed per time-step. The re-entrant interpreter
allows for the controlled execution of a particular number of
instructions per time-step.

3.4 Naming simplified
Previous incarnations of Push allowed names to be bound
to values using a SET instruction and retrieved later using a
GET instruction. This allowed, in principle, for evolution of
named constants and subroutines but it required synchro-
nization of several different instructions. The introduction
of the EXEC stack presents opportunities for simplification.

Binding a name to a subroutine has been simplified by one
instruction, using the EXEC stack instead of a quoted value
on the CODE stack:

Push2:
( TIMES2 CODE.QUOTE ( 2 INTEGER.* ) CODE.SET )

Push3:
( TIMES2 EXEC.DEFINE ( 2 INTEGER.* ) )

Executing a subroutine has been simplified by two instruc-
tions. The bound symbol is now executed directly (the bind-
ing is copied to the EXEC stack), instead of being loaded onto
the CODE stack with CODE.GET and executed with CODE.DO:



( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )

( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )

exec code bool int float

( 2 3 INTEGER.* 4.1 5.2 FLOAT.+ 
TRUE FALSE BOOLEAN.OR )



2

3

INTEGER.*

4.1

5.2

FLOAT.+

TRUE

FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )

exec code bool int float



3

INTEGER.*

4.1

5.2

FLOAT.+

TRUE

FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
2

exec code bool int float



INTEGER.*

4.1

5.2

FLOAT.+

TRUE

FALSE 3

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
2

exec code bool int float



4.1

5.2

FLOAT.+

TRUE

FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
6

exec code bool int float



5.2

FLOAT.+

TRUE

FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
6 4.1

exec code bool int float



FLOAT.+

TRUE

FALSE 5.2

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
6 4.1

exec code bool int float



TRUE

FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
6 9.3

exec code bool int float



FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
TRUE 6 9.3

exec code bool int float



FALSE

BOOLEAN.OR 
( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
TRUE 6 9.3

exec code bool int float



( 2 3 INTEGER.* 4.1 5.2 
FLOAT.+ TRUE FALSE 

BOOLEAN.OR )
TRUE 6 9.3

exec code bool int float



Same Results

( 2 3 INTEGER.* 4.1 5.2 FLOAT.+ 
TRUE FALSE BOOLEAN.OR )

( 2 BOOLEAN.AND 4.1 TRUE INTEGER./ FALSE
3 5.2 BOOLEAN.OR INTEGER.* FLOAT.+ )



( 3.14 CODE.REVERSE 
CODE.CDR IN IN

5.0 FLOAT.> 
(CODE.QUOTE FLOAT.*) 

CODE.IF )

( 3.14 CODE.REVERSE 
CODE.CDR IN IN

5.0 FLOAT.> 
(CODE.QUOTE FLOAT.*) 

CODE.IF )

exec code bool int float

( 3.14 CODE.REVERSE CODE.CDR IN IN 5.0 
FLOAT.> (CODE.QUOTE FLOAT.*) CODE.IF )

IN=4.0



3.14

CODE.REVERSE

CODE.CDR

IN

IN

5.0

FLOAT.>

(CODE.QUOTE FLOAT.*)

CODE.IF
( 3.14 CODE.REVERSE 

CODE.CDR IN IN
5.0 FLOAT.> 

(CODE.QUOTE FLOAT.*) 
CODE.IF )

exec code bool int float



CODE.REVERSE

CODE.CDR

IN

IN

5.0

FLOAT.>

(CODE.QUOTE FLOAT.*)

CODE.IF
( 3.14 CODE.REVERSE 

CODE.CDR IN IN
5.0 FLOAT.> 

(CODE.QUOTE FLOAT.*) 
CODE.IF )

3.14

exec code bool int float



CODE.CDR

IN

IN

5.0

FLOAT.>

(CODE.QUOTE FLOAT.*)

CODE.IF
(CODE.IF (CODE.QUOTE 
FLOAT.*) FLOAT.> 5.0 IN 

IN CODE.CDR 
CODE.REVERSE 3.14)

3.14

exec code bool int float



IN

IN

5.0

FLOAT.>

(CODE.QUOTE FLOAT.*)

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

3.14

exec code bool int float



IN

5.0

FLOAT.>

(CODE.QUOTE FLOAT.*) 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

3.14

exec code bool int float



5.0

FLOAT.> 4.0

(CODE.QUOTE FLOAT.*) 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

3.14

exec code bool int float



5.0

FLOAT.> 4.0

(CODE.QUOTE FLOAT.*) 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

3.14

exec code bool int float



(CODE.QUOTE FLOAT.*) 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

FALSE 3.14

exec code bool int float



CODE.QUOTE

FLOAT.* 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

FALSE 3.14

exec code bool int float



FLOAT.* 4.0

CODE.IF
((CODE.QUOTE FLOAT.*) 

FLOAT.> 5.0 IN IN 
CODE.CDR 

CODE.REVERSE 3.14)

FALSE 3.14

exec code bool int float



4.0

FLOAT.* 3.14

exec code bool int float



12.56

exec code bool int float



(IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./)

(IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./)

exec code bool int float

(IN EXEC.DUP (3.13 FLOAT.*)
10.0 FLOAT./)

IN=4.0



IN

EXEC.DUP

(3.13 FLOAT.*)

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./)

exec code bool int float



EXEC.DUP

(3.13 FLOAT.*)

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 4.0

exec code bool int float



(3.13 FLOAT.*)

(3.13 FLOAT.*)

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 4.0

exec code bool int float



3.13

FLOAT.*

(3.13 FLOAT.*)

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 4.0

exec code bool int float



FLOAT.*

(3.13 FLOAT.*)

10.0 3.13

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 4.0

exec code bool int float



(3.13 FLOAT.*)

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 12.52

exec code bool int float



3.13

FLOAT.*

10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 12.52

exec code bool int float



FLOAT.*

10.0 3.13

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 12.52

exec code bool int float



10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 39.1876

exec code bool int float



10.0

FLOAT./ (IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 39.1876

exec code bool int float



(IN EXEC.DUP (3.13 
FLOAT.*) 10.0 FLOAT./) 3.91876

exec code bool int float



Modules in Push

• Transform/execute code as data: Works, emerges, 
but stack-based module reference won’t scale well

• Execution stack manipulation:
(3 exec.dup (1 integer.+))

More parsimonious, but same scaling issue

• Named modules:
(plus1 exec.define (1 integer.+)) ... plus1

Coordinating definitions/references is tricky and 
this never arises in evolution!



Modularity
Ackley and Van Belle



Code-as-data 
Modularity in Push



Tags in Push
• Tags are integers embedded in instruction names

• Instructions like tag.exec.123 tag values

• Instructions like tagged.456 recall values by 
closest matching tag

• If a single value has been tagged then all tag 
references will recall (and execute) values

• The number of tagged values can grow 
incrementally over evolutionary time



Lawnmower Problem

• Used by Koza to demonstrate utility of ADFs 
for scaling GP up to larger problems

>



Lawnmower Instructions



Lawnmower Effort*

8x4 8x6 8x8 8x10 8x12
Problem Size

0

100000

200000

300000

400000

500000

C
om

pu
ta

tio
na

l E
ffo

rt

Basic
Tag
Exec

* with frog=noop bug



Lawnmower Effort

8x4 8x6 8x8 8x10 8x12
Problem Size

0

100000

200000

300000

400000

500000

600000

C
om

pu
ta

tio
na

l E
ffo

rt

Basic
Tag
Exec



                          problem size
            8x4       8x6       8x8       8x10       8x12 
instr set
basic     10000     30000    114000     320000     630000    
tag        7000      2000     29000      <1000       5000     
exec      12000      5000     28000       5000      17000  

Lawnmower Effort



Dirt-Sensing, Obstacle-
Avoiding Robot Problem

Like the lawnmower problem but harder and 
less uniform

>



DSOAR Instructions



DSOAR Effort*

8x4 8x6 8x8 8x10 8x12
Problem Size

0

5x107

1x108

1.5x108

2x108

2.5x108

3x108

C
om

pu
ta

tio
na

l E
ffo

rt

Basic
Tag
Exec

* with frog=noop bug



DSOAR Effort

8x4 8x6 8x8 8x10 8x12
Problem Size

0

1x108

2x108

3x108

4x108

C
om

pu
ta

tio
na

l E
ffo

rt

Basic
Tag
Exec



DSOAR Effort

8x4 8x6 8x8 8x10 8x12
Problem Size

0

2x106

4x106

6x106

8x106

1x107

1.2x107

1.4x107

1.6x107

C
om

pu
ta

tio
na

l E
ffo

rt

Tag
Exec



                          problem size
            8x4       8x6       8x8       8x10       8x12 
instr set
basic   1584000 430083000       inf        inf        inf     
tag      216000    864000   3420000    2599000    3051000 
exec     450000   2125000   4332000   16644000    7524000     

DSOAR Effort



More data, source code, 
etc, at:

http://hampshire.edu/lspector/tags-gecco-2011

http://hampshire.edu/lspector/tags-gecco-2011
http://hampshire.edu/lspector/tags-gecco-2011


Evolved DSOAR 
Architecture (in one environment)

Module0

Module1

3 Module2

1

Module4
1

Module3
2 5

Module7

2 2 3

1

Module8

3

2 4

3 8

Module5

3 9

Module6

1 5



Evolved DSOAR 
Architecture (in another environment)

Module0

Module2

1

Module9

1

Module10

1

Module11

1

Module12
1

Module3
2 8

Module13

1 8

Module14

2 6

Module4

2 7

2 6

Module5

3 8

1 1

1 2



Tags in S-Expressions

• A simple form:
(progn (tag-123 (+ a b)) tagged-034)

• Must do something about endless recursion

• Must do something about return values

• Must do something fancy to support 
modules with arguments, particularly 
arguments of multiple types.



Future Work

• Tags in s-expression-based GP 

• Tag usage over evolutionary time

• No-pop tagging in PushGP

• Tags in autoconstructive evolution

• Applications, application, applications



Conclusions

• Execution stack manipulation supports the 
evolution of modular programs in many 
situations

• Tag-based modules are more effective in 
complex, non-uniform problem 
environments

• Tag-based modules may help to evolve 
complex software and solutions to unsolved 
problems in the future


